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Abstract
Let R be a commutative ring with identity. The ring R ×R can be
viewed as an extension of R via the diagonal map ∆ : R →֒ R×R, given
by ∆(r) = (r, r) for all r ∈ R. It is shown that, for any a, b ∈ R, the
extension ∆(R)[(a, b)] ⊂ R×R is a minimal ring extension if and only if
the ideal < a− b > is a maximal ideal of R. A complete classification of
maximal subrings of R(+)R is also given. The minimal ring extension of
a von Neumann regular ring R is either a von Neumann regular ring or
the idealization R(+)R/m where m ∈ Max(R). If R ⊂ T is a minimal
ring extension and T is an integral domain, then (R : T ) = 0 if and
only if R is a field and T is a minimal field extension of R, or RJ is a
valuation ring of altitude one and TJ is its quotient field.
Mathematics Subject Classification: Primary 13B99, Secondary
13B25, 13F30
Keywords: Minimal ring extension, von Neumann regular ring, valuation
ring, flat epimorphism.
1 Introduction
All rings considered below are commutative with nonzero identity; all ring
extensions, ring homomorphisms, and algebra homomorphisms are unital. For
any ring R, let tq(R) denotes the total quotient ring of R and Max(R) denotes
the set of all maximal ideals of R. By an overring of R, we mean any subring
of tq(R) which contains R. For any ring extension R ⊆ S, the conductor
(R : S) := {s ∈ S | sS ⊆ R}. By a local ring, we mean a ring with a unique
maximal ideal.
An injective ring homomorphism f that is not an isomorphism is called a
minimal ring homomorphism if any factorization f = g ◦ h entails that one
of the ring homomorphisms g, h is an isomorphism, see [8]. Let R be any
proper subring of a ring T . Then T is called a minimal ring extension of R
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or equivalently, R is a maximal subring of T if the inclusion map R →֒ T is a
minimal ring homomorphism, that is, if there is no ring S such that R ⊂ S ⊂ T
where ⊂ denotes proper inclusion. By a minimal overring of R, we mean any
overring of R which is a minimal ring extension of R. Note that if R ⊂ T is
a minimal ring extension, then either R ⊂ T is an integral ring extension or
R →֒ T is a flat epimorphism, see [8, The´ore`me 2.2].
If R is a ring, then R can be viewed as a subring of R×R via the diagonal
map, that is, via the canonical injective ring homomorphism, ∆ : R →֒ R×R,
given by ∆(r) = (r, r) for all r ∈ R. It was shown in [3, Lemma 2.1] that
∆(R)[(r, s)] = R×R for r, s ∈ R if and only if r−s ∈ U(R), where U(R) denote
the set of units of R. Dobbs [3, Proposition 2.2] also proved that ∆(R) ⊂ R×R
is a minimal ring extension if and only if R is a field. In Theorem 2.3, we show
that, for any r, s ∈ R, ∆(R)[(r, s)] ⊂ R×R is a minimal ring extension if and
only if the ideal < r − s > is a maximal ideal of R.
If R is a domain but not a field, then minimal ring extensions of R are the
R-algebras that are isomorphic to one of the following three types of rings:
a minimal overring of R; an idealization R (+)R/m where m ∈ Max(R); a
direct product R×R/m where m ∈ Max(R), see [4, Theorem 2.7]. This result
is generalized by assuming that tq(R) is a von Neumann regular ring and
Max(R)∩Min(R) = φ, see [5, Corollary 2.5]. Dobbs and Shapiro also classified
the integral minimal ring extensions of R, see [5, Proposition 2.12]. In Theorem
2.1 and 2.2, we classify the minimal ring extension of a von Neumann regular
ring, and thereby settled the open problem posed by Dobbs in [6, p. 35].
Recall [9, cf. Nagata, 1962, p.2] that if R is a ring and E is an R-module,
then the idealization R(+)E is the ring defined as follows: Its additive struc-
ture is that of the abelian group R ⊕ E, and its multiplication is defined by
(r1, e1) (r2, e2) := (r1r2, r1e2 + r2e1) for all r1, r2 ∈ R and e1, e2 ∈ E. It will
be convenient to view R as a subring of R(+)E via the canonical injective
ring homomorphism that sends r to (r, 0). Note that every ring has a minimal
ring extension, see [3]. However, Z has no maximal subring, that is, maximal
subrings need not always exist. In Corollary 2.6, we show that for any ring
R, the ring R(+)R has maximal subrings. In Proposition 2.5, we prove that
R(+)Rb is a maximal subring of R(+)R if and only if Rb is a maximal ideal
of R.
Let R ⊂ T be a minimal ring extension. By [8, The´ore`me 2.2(i)] and [8,
Lemme 1.3], there exists a unique maximal ideal J of R such that RJ →֒
TJ := TR\J is not an isomorphism; moreover, RJ →֒ TJ is then a minimal
ring extension, and RP →֒ TP is an isomorphism for all P ∈ Spec(R) \ {J}.
The maximal ideal J appearing in the above statement is called the crucial
maximal ideal [7, Definition 2.9].
The Proposition 2.11 of [7] states that if R ⊂ T is a minimal ring extension,
then the crucial maximal ideal is the only maximal ideal which contains (R :
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T ). In [7, Corollary 2.14], the author states that if R ⊂ T is a minimal ring
extension and T is an integral domain, then (R : T ) = 0 if and only if R is a
field and T is a field extension of prime degree over R, or R is a valuation ring
of altitude one and T is its quotient field. We give an example which shows
the above mentioned proposition and corollary are not true.
2 Maximal subrings of certain commutative
rings
The problem of classifying the minimal ring extensions of a von Neumann
regular ring was posed by Dobbs in [6]. In our first theorem, we present a
complete classification of minimal ring extensions of a von Neumann regular
ring.
Theorem 2.1. Let R ⊂ T be a minimal ring extension where R is a von
Neumann regular ring. Then either T is a von Neumann regular ring or T ∼=
R(+)R/m (as R-algebra) for some maximal ideal m of R.
Proof. Since R is von Neumann regular, R is reduced. First assume that T
not reduced. Then by [5, Proposition 2.3], T ∼= R(+)R/m (as R-algebra) for
some maximal ideal m of R. Now, assume that T is a reduced ring. If R →֒ T
is a flat epimorphism, then by [10, Proposition 3.9], T is an overring of R.
This is a contradiction as tq(R) = R. Thus, by [8, The´ore`me 2.2], T is an
integral extension of R and hence dim(T ) = dim(R) = 0. Therefore, T is a
von Neumann regular ring.
The next theorem further characterizes the minimal ring extensions of a
von Neumann regular ring.
Theorem 2.2. Let R be a von Neumann regular ring. Then T is a minimal
ring extension of R if and only if there exists a maximal ideal m of R such that
one of the following three conditions holds:
(i) m is a maximal ideal of T and T/m is a minimal field extension of R/m;
(ii) There exists q ∈ T \R such that T = R[q], q2 − q ∈ m, and mq ⊆ R;
(iii) There exists q ∈ T \R such that T = R[q], q2 ∈ R, q3 ∈ R, and mq ⊆ R.
If any of the above three conditions holds, then m is uniquely determined
as (R : T ). Also (i)-(iii) are mutually exclusive.
Proof. Since R is a von Neumann regular, we have tq(R) = R. If R →֒ T is a
flat epimorphism, then T is an overring of R, by [10, Proposition 3.9], which is
not possible. Thus, by [8, The´ore`me 2.2], any minimal ring extension of R is
an integral extension of R. Now, the result follows by [5, Proposition 2.12].
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In [5, Theorem 2.4], a characterization of minimal ring extension of a re-
duced ring R such that the total quotient ring of R, is a von Neumann regular
ring, is given. However, till now we do not know any minimal ring extension of
a non-reduced ring R other than R(+)R/m, where m is a maximal ideal of R.
In the next theorem, we have shown that R × R is a minimal ring extension
of its subring which may not be reduced.
Theorem 2.3. For any ring R, let ∆ : R →֒ R × R be the diagonal map,
given by ∆(r) = (r, r) for all r ∈ R. Then for any a, b ∈ R, ∆(R)[(a, b)] ⊂
R × R is a minimal ring extension if and only if the ideal < a − b > is a
maximal ideal of R.
Proof. First, we claim that
∆(R)[(a, b)] = {(c, d) ∈ R× R | c− d ∈< a− b >}. (1)
Let (c, d) ∈ R × R such that c− d ∈< a− b >. Then c− d = (a − b)t for
some t ∈ R. As
(c, d) = (c− ta, c− ta) + (t, t)(a, b),
we conclude that (c, d) ∈ ∆(R)[(a, b)]. Now, assume that (e, f) ∈ ∆(R)[(a, b)].
So,
(e, f) = (a0, a0) + (a1, a1)(a, b) + (a2, a2)(a, b)
2 + · · ·+ (an, an)(a, b)
n,
where (ai, ai) ∈ ∆(R) for all i. This gives,
e = a0 + a1a+ a2a
2 + · · ·+ ana
n, (2)
f = a0 + a1b+ a2b
2 + · · ·+ anb
n. (3)
On subtracting (3) from (2), we have
e− f = a1(a− b) + a2(a
2 − b2) + · · ·+ an(a
n − bn).
This gives e − f ∈< a − b >. So, the claim holds. Now, suppose that <
a−b > is a maximal ideal ofR. We assert that ∆(R)[(a, b)] ⊂ R×R. If possible,
suppose ∆(R)[(a, b)] = R×R. Then (1, 0) ∈ ∆(R)[(a, b)]. Therefore, by (1), we
have 1 ∈< a− b >, which is a contradiction. Therefore, ∆(R)[(a, b)] 6= R×R.
Now, to show that ∆(R)[(a, b)] ⊂ R×R is a minimal ring extension, enough to
show that (∆(R)[(a, b)])[(e, f)] = R×R for any (e, f) ∈ (R×R)\∆(R)[(a, b)].
Note that e− f /∈< a− b >, by (1). Therefore, < a− b > + < e− f >= R
and hence
1 = (a− b)t1 + (e− f)t2 for some t1, t2 ∈ R.
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This gives,
(1, 0) = ((a− b)t1, 0) + ((e− f)t2, 0).
Now, by (1), we have
((a− b)t1, 0) ∈ ∆(R)[(a, b)] ⊆ (∆(R)[(a, b)])[(e, f)]
and
((e− f)t2, 0) ∈ ∆(R)[(e, f)] ⊆ (∆(R)[(a, b)])[(e, f)].
Thus, (1, 0) ∈ (∆(R)[(a, b)])[(e, f)]. Similarly, (0, 1) ∈ (∆(R)[(a, b)])[(e, f)]
and hence the claim holds.
Conversely, suppose that ∆(R)[(a, b)] ⊂ R×R is a minimal ring extension.
First we assert that < a − b > is a proper ideal of R. If possible, suppose
that 1 ∈< a − b >. Then (1, 0), (0, 1) ∈ ∆(R)[(a, b)] by (1). It follows that
∆(R)[(a, b)] = R × R, a contradiction. Thus, < a − b > is a proper ideal of
R. Now, let I be any ideal of R properly containing the ideal < a − b >.
Choose e ∈ I\ < a − b >. Then by (1), (e, 0) /∈ ∆(R)[(a, b)]. By minimality,
we conclude that (∆(R)[(a, b)]) [(e, 0)] = R ×R. Thus,
(1, 0) = (a0, b0) + (a1, b1)(e, 0) + (a2, b2)(e, 0)
2 + · · ·+ (an, bn)(e, 0)
n,
where (ai, bi) ∈ ∆(R)[(a, b)] for all i.
This gives,
1 = a0 + a1e + · · ·+ ane
n and b0 = 0.
Now, by (1), a0 − b0 ∈< a− b >⊂ I. As aie ∈ I for all i, we must have 1 ∈ I.
Therefore, < a− b > is a maximal ideal of R.
Remark 2.4. Note that [3, Proposition 2.2] is a particular case of Theorem
2.3 with a = b.
Note that a maximal subring of a ring R may not exists. For example,
the ring of integers Z does not admit any maximal subring. However, R(+)R
always admits a maximal subring as we have in the next result. In fact, in the
next proposition, we present a complete classification of maximal subrings of
R(+)R.
Proposition 2.5. For any ring R, let R →֒ R(+)R be the canonical in-
jective ring homomorphism, given by r 7→ (r, 0) for all r ∈ R. Then for any
a, b ∈ R, R[(a, b)] ⊂ R(+)R is a minimal ring extension if and only if the ideal
< b > is a maximal ideal of R.
Proof. Note that R[(a, b)] = R(+) < b >, by [3, Lemma 2.3]. First suppose
that R[(a, b)] ⊂ R(+)R is a minimal ring extension. Thus, < b > is a proper
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ideal of R. Let I be any ideal of R properly containing < b >. Then we
have R(+) < b >⊂ R(+)I. It follows that R(+)I = R(+)R and so I = R.
Therefore, < b > is a maximal ideal of R.
Conversely, assume that < b > is a maximal ideal of R. Thus, R[(a, b)] ⊂
R(+)R as R[(a, b)] = R(+) < b >. Let T be a subring of R(+)R containing
R[(a, b)] properly. Then by [3, Remark 2.9], T = R(+)I for some ideal I of
R. It follows that < b >⊂ I and so I = R. Therefore, R[(a, b)] ⊂ R(+)R is a
minimal ring extension.
The following corollaries can be deduced immediately from the above propo-
sition.
Corollary 2.6. Let R be any ring and M be a maximal ideal of R. Then
R(+)M is a maximal subring of R(+)R. In particular, R(+)R has maximal
subrings for any ring R.
Corollary 2.7. Let R be a ring. Then R is a maximal subring (upto iso-
morphism) of R(+)R if and only if R is a field.
We end this section with the following remark.
Remark 2.8. In [1, Corollary 2.8], Azarang proved that every finitely gen-
erated algebra over a commutative ring has a maximal subring. The result
does not seem to be correct as there are rings with no maximal subring. For
example, the ring of integers Z does not admit any maximal subring. Clearly,
any such ring is a finitely generated algebra over itself.
3 Correction to some known results
We assume throughout that J denote the crucial maximal ideal of minimal
ring extension R ⊂ T unless otherwise stated. For completeness, we first list
the results which we are going to discuss in this section.
(1) [7, Proposition 2.11] Let R ⊂ T be a minimal ring extension. Then
(R : T ) ∈ Spec(R) and J is the only maximal ideal in R which contains
(R : T ). Moreover, if no maximal ideal in T lies over J , then the following
statement holds: (R : T ) ⊂ J , TJ = R(R:T ) is local, (RJ : TJ) = (R :
T )RJ is the maximal ideal in TJ , height(J/(R : T )) = 1, and (R : T )T ∈
Max(T ).
(2) [7, Corollary 2.14] If R ⊂ T is a minimal ring extension and T is an
integral domain, then (R : T ) = 0 if and only if R is a field and T is a
field extension of prime degree over R, or R is a valuation ring of altitude
one and T is its quotient field.
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(3) [10, Proposition 3.2(3)] Let f : R →֒ T be a minimal ring homomorphism.
If f : R →֒ T is a flat epimorphism, then R/(R : T ) is a one-dimensional
local domain, (R : T ) ∈ Max(T ) and TJ = R(R:T ).
(4) [10, Proposition 3.5] Let R →֒ T be an injective ring homomorphism.
Then R →֒ T is minimal and a flat epimorphism if and only if R/(R : T )
is a one-dimensional valuation ring and T/(R : T ) is its quotient field.
We now present a counter example to show that (1) is not fully correct.
More precisely, we show that J may not be the only maximal ideal containing
(R : T ) and (R : T )T may not belongs to Max(T ). In fact, there may be
infinitely many maximal ideals containing (R : T ). The example also proves
that (2) is completely incorrect. On page 310 of [11], the authors mentioned
that the assumption of R to be local in above results (3) and (4) is missing due
to printing mistake. Our next example shows that why this extra assumption
is needed in above results (3) and (4). Moreover, we prove the modified version
of (3) and (4) (where we do not need R to be local) in Proposition 3.5 and
Theorem 3.6, respectively.
Example 3.1. Let R = Z, T = Z[1/2]. We assert that R ⊂ T is a minimal
ring extension. Suppose there is a ring S such that R ⊂ S ⊆ T . Choose
f(1/2) =
∑n
i=0 αi(1/2)
i ∈ S \ R. Then f(1/2) = m/2k for some k ∈ N and
m ∈ R. Thus, m/2 = 2k−1(m/2k) ∈ S, which gives 1/2 ∈ S. Therefore, T is a
minimal ring extension of R. Note that (R : T ) = 0, as for every α ∈ R, there
exists n ∈ N such that α/2n is not an integer. Now crucial maximal ideal J of
the extension R ⊂ T is 2Z as RJ →֒ TJ is not an isomorphism and RP →֒ TP is
an isomorphism for all P ∈ Spec(R)\{J}. This counters (1) as every maximal
ideal of R contains (R : T ). Also 0 = (R : T )T 6∈ Max(T ). As R is not a
field and neither R is a valuation ring nor T is its quotient field, this counters
(2) completely. Now, observe that R is integrally closed in T . So, Ferrand’s
dichotomy [8, The´ore`me 2.2] gives that the inclusion map f : R →֒ T is a flat
epimorphism. This shows that the assumption of R to be local is needed in
(3) and (4).
Though the above example shows that there may be infinitely many max-
imal ideals in R containing (R : T ) and (R : T )T may not belong to Max(T ),
however, the remaining statement of [7, Proposition 2.11] is correct, which is
as follows:
Theorem 3.2. [7, Proposition 2.11] Let R ⊂ T be a minimal ring extension
and J be the crucial maximal ideal. Then (R : T ) ∈ Spec(R). Moreover, if
no maximal ideal in T lies over J , then (R : T ) ⊂ J , TJ = R(R:T ) is local,
(RJ : TJ) = (R : T )RJ is the maximal ideal in TJ , and height(J/(R : T )) = 1.
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We give one more example to counter (2). More precisely, the next example
shows that if R ⊂ T is a minimal ring extension and T is an integral domain
with (R : T ) = 0, then degree of T over R may not be prime.
Example 3.3. Let n ≥ 4. Then there exist field extension K of Q such
that GalQ(K) = Sn. In fact, choose f(X) ∈ Q[X ] irreducible of degree 4 such
that |GalQ(K)| = 24. Let α be a root of f(X). Then dimQQ(α) = 4 and
Q ⊂ Q(α) does not have any intermediate ring.
We now present the correct and modified version of the countered result
(2). Note that if R is local, then RJ = R. Thus, our next theorem shows that
(2) is correct only if R is local.
Theorem 3.4. If R ⊂ T is a minimal ring extension and T is an integral
domain, then (R : T ) = 0 if and only if R is a field and T is a minimal field
extension of R, or RJ is a valuation ring of altitude one and TJ is its quotient
field.
Proof. Suppose first that (R : T ) = 0. If J = (0), then R is a field. Since T
is a minimal ring extension of R and T is an integral domain, T is a minimal
field extension of R, by [8, Lemme 1.2]. If J 6= (0), then (R : T ) ⊂ J . By [7,
Theorem 2.13], we have R0 = R(R:T ) = TJ . Therefore, TJ is the quotient field of
R. Also by [8, The´ore`me 2.2], RJ ⊂ TJ is a minimal ring extension, that is, RJ
is a maximal proper subring of TJ . Therefore, RJ is a valuation ring of altitude
one by [2, Proposition 6, VI, 4.5] and TJ is its quotient field. Conversely, if R is
a field, then clearly (R : T ) = 0. Also, if RJ is a valuation ring of altitude one
and TJ is its quotient field, then (RJ : TJ) = 0. Note that T cannot be integral
over R as RJ is integrally closed. Since R ⊂ T is a minimal ring extension, R
is integrally closed in T . Now, by [8, The´ore`me 2.2(ii)], there is no maximal
ideal in T lies over J . Therefore, by Theorem 3.2, (RJ : TJ) = (R : T )RJ .
Hence, (R : T ) = 0.
The next proposition is a modified version of the result (3). Note that if
R is local, then RJ = R. Thus, our next proposition shows that (3) is correct
only if R is local.
Proposition 3.5. Let f : R →֒ T be a minimal ring homomorphism. If
f : R →֒ T is a flat epimorphism, then RJ/(RJ : TJ) is a one-dimensional
local domain and TJ = R(R:T ).
Proof. Since R ⊂ T is a minimal ring extension, TJ is a minimal ring extension
of RJ , by [8, The´ore`me 2.2]. Now, if f : R →֒ T is a flat epimorphism, then
by [8, The´ore`me 2.2(ii)], there is no maximal ideal in T lies over J . Thus, by
Theorem 3.2, (RJ : TJ) ∈ Spec(RJ), TJ = R(R:T ), (RJ : TJ) = (R : T )RJ ,
and (R : T ) ⊂ J . This gives (RJ : TJ) ⊂ JRJ . Since RJ is a local ring, JRJ
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is the crucial maximal ideal of the minimal ring extension RJ ⊂ TJ . Hence,
by [8, The´ore`me 2.2(ii)], there is no maximal ideal in TJ lies over JRJ . Now,
by Theorem 3.2, height(JRJ/(RJ : TJ)) = 1. Therefore, RJ/(RJ : TJ) is a
one-dimensional local domain.
Our last theorem is a modified version of the result (4). Note that if R is
local, then RJ = R. Thus, our next theorem shows that (4) is correct only if
R is local.
Theorem 3.6. Let R →֒ T be a minimal ring homomorphism. Then R →֒
T is a flat epimorphism if and only if RJ/(RJ : TJ) is a one-dimensional
valuation ring and TJ/(RJ : TJ) is its quotient field.
Proof. Let R →֒ T be a flat epimorphism. Then by [8, The´ore`me 2.2], RJ ⊂
TJ is a minimal ring extension and there is no maximal ideal in T lies over
J . Therefore, Theorem 3.2 yields that TJ/(RJ : TJ) is a field. Now, by [7,
Theorem 2.7], RJ/(RJ : TJ) ⊂ TJ/(RJ : TJ) is a minimal ring extension.
Since (RJ/(RJ : TJ) : TJ/(RJ : TJ)) = 0, we conclude that RJ/(RJ : TJ)
is a one-dimensional valuation ring and TJ/(RJ : TJ) is its quotient field,
by Theorem 3.4 and Proposition 3.5. Conversely, assume that RJ/(RJ : TJ)
is a one-dimensional valuation ring and TJ/(RJ : TJ) is its quotient field.
Then RJ/(RJ : TJ) is integrally closed in TJ/(RJ : TJ). Thus, Ferrand’s
dichotomy [8, The´ore`me 2.2] gives that RJ/(RJ : TJ) →֒ TJ/(RJ : TJ ) is a
flat epimorphism. Therefore, RJ →֒ TJ is a flat epimorphism and hence so is
R →֒ T .
Remark 3.7. There is an error in the proof of [5, Theorem 3.7]. Note
that R is not local in [5, Theorem 3.7] but the proof of [5, Theorem 3.7] is
citing [10, Proposition 3.5] which is true for local rings only. The error in
the proof arises because the authors used [10, Proposition 3.5] to prove that
(R/P )M/P is a valuation domain in (1)⇒ (3). But as we have seen earlier, [10,
Proposition 3.5] is valid for local rings only. Thus, the proof of [5, Theorem 3.7]
is not correct. Note that in [5, Theorem 3.7], we have (R/P )M/P ∼= RM/PRM
where P = (R : T ) and M is the crucial maximal ideal of the minimal ring
extension R ⊂ T . Thus, by Theorem 3.6, (R/P )M/P is a valuation domain
and hence [5, Theorem 3.7] holds.
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